Topology and entanglement promise to play a prominent role in understanding non-local properties of many-body quantum systems. Here, we present a novel proposal to relate the two and study multipartite entanglement by collecting statistics of topological invariants of hard-core bosons worldline configurations in two-dimensional lattices. We build our approach upon the path-integral formulation of the density matrix in the limit of zero temperature, and consider worldline configurations, i.e. collections of particle paths, as geometric braids with a certain topological structure. We support our proposal by studying checkerboard and stripe solids, superfluid phases, and Z2 topologically ordered phases by means of unbiased quantum Monte Carlo simulations. We find that topological invariants can be used to differentiate among ground-states with different entanglement properties. More specifically, we are able to differentiate between standard insulators and Z2 topologically ordered phases. We also find that certain non-local probes based on topological invariants can signal the insulating to superfluid phase transition.
I. INTRODUCTION
Multipartite entanglement describes the complex quantum correlations among different parties involved in a many-body system. Its understanding and characterization have been a fascinating yet challenging task that physicists have been actively pursuing in recent years [1] [2] [3] [4] [5] . Signatures of entanglement, e.g. entanglement entropy and topological entanglement entropy, have been successfully used to study quantum phases and transitions [5] [6] [7] [8] [9] [10] [11] [12] . However, these characterizations only refer to bipartite and, in some cases, tripartite entanglement, i.e. the entanglement between two or three partitions of the original system. While successful, this 'coarsegrained' approach inevitably gives a reductive view of the complex quantum correlations inherent to a manybody quantum state which cannot be written as a simple product state [13] .
To get a sense of this complexity, let us consider three simple examples of a superposisiton of 4-qubits which possess very different entanglement properties: |φ 1 = |0111 + |1011 + |1101 + |1110 , is a W-state which is a genuine 4-qubit multipartite entangled state; |φ 2 = |0111 + |1011 + |1110 = (|01 1 + |10 1 + |11 0 ) ⊗ |1 is not a genuine 4-qubit multipartite entangled state, but rather a genuine 3-qubit multipartite entangled state; and |φ 3 = |1000 + |1001 + |1010 + |1011 = |10 ⊗ (|0 + |1 ) ⊗ (|0 + |1 ) is not entangled at all. These simple examples already suggest that quantum correlations manifest themselves as a complicated arrangement of mutual information shared among parties. It is easy to see that the complexity of entanglement will increase significantly with increasing number of qubits [14] . This 'yarn bundle' of shared information is highly non-trivial * flingua@clarku.edu and, to date, a satisfactory systematic approach to study the structure behind this complicated arrangement of information is lacking [15] . Indeed, it may be possible that multiple complementary approaches are needed to comprehensively understand multipartite entanglement.
Some progress has been made towards understanding certain properties of multipartite entanglement in exotic ground-states [5] [6] [7] [8] which cannot be described in terms of a local order parameter. Prominent examples include topological quantum orders and spin liquids in lattice systems [9, [16] [17] [18] [19] [20] , which correspond to so-called longrange entangled states featuring certain intrinsic nonlocal quantum correlations among degrees of freedom of individual lattice sites. However, probing these properties is non-trivial, and current techniques require extensive computational efforts [10, 11, 21, 22] and, in general, are insufficient to characterize different types of longrange entanglement [13] .
The study of the relationship between topology and quantum entanglement is still at the initial stages [23, 24] . In this work, we propose a novel approach to study multipartite entanglement by simply collecting statistics of topological invariants. The approach is based on Feynman path-integral formulation of the density matrix [25] in the limit of zero temperature. Within this framework, each quantum particle is mapped onto a classical trajectory in space -imaginary time (also known as worldline), so that the quantum system is now described in terms of collections of worldlines, i.e. worldline configurations. We propose that the topological structure of worldline configurations, which describes certain classical correlations among worldlines, is closely related to certain nonlocal properties of multipartite entanglement. In other words, we propose to look at multipartite entanglement through the 'lens' of the topological structure of worldline configurations. The proposed approach can be readily implemented within path-integral quantum Monte Carlo. We believe this approach can serve as a general alterna-tive to (often computationally expensive) measures of bipartite entanglement (e.g. entanglement entropy). In the following, we provide a formal justification for this proposal (see Section III) and we support it by numerically showing that characterizing worldline configurations in terms of the simplest topological invariant is an effective way to differentiate among ground-states with different multipartite entanglement (Section V A). These unbiased numerical results provide the first validation of our proposal. A more systematic study will be the object of future investigations.
This manuscript is organized as follows: in Sections II-IV we introduce the formalism used and provide a formal justification of our proposal; in Section V we present quantum Monte Carlo results of hard-core bosons and show that topological invariants of worldlines configurations can be used to differentiate among checkerboard (CB) and stripe (STR) solids, superfluid (SF) phases, and two Z2 topologically ordered phases at 1/3 and 1/2 filling. Our final remarks are in Section VI.
II. REVIEW OF PATH-INTEGRAL FORMALISM
The imaginary-time path-integral formulation of the density matrix ρ is the foundation of path integral Monte Carlo (PIMC) algorithms. Here, we consider two-dimensional lattice hard-core bosons. Let us define |α = |0, 1, · · · , where 1 corresponds to occupation of a hardcore boson and 0 to no occupation in the Fock basis. Then, the generic Bose-Hubbard-type model describing the system has the form:
where the first term is the hopping between site i and j with strength t ij (in the following denoted by H 1 ), while the second term is an arbitrary diagonal term, e.g.,
conserves the number of particles. Throughout this paper, we work at fixed filling factor and consider t ij > 0 .
Within the path-integral formalism [26] [27] [28] , the partition function at temperature
is an integral of weights ω φ of worldline configurations (see below for more details), where φ is a combination of continuous and discrete indexes which uniquely specifies the configuration, and C is the set of all configurations. A configuration φ is a collection of worldlines (see Fig. 1 ) where each worldline represents the path of a particle in imaginary-time and space. In the interaction picture, φ is specified by a sequence of imaginary time instants at which single hopping events happen 0 < τ 1 < . . . < τ n−1 < β, and the corresponding sequence [26] [27] [28] . The expectation value of a thermodynamic observ-
where ω φ /Z β is a probability density and O φ is the value of O in configuration φ.
For t ij > 0, the ground-state of a finite-size system is unique and has positive expansion coefficients on Fock states |α (see Appendix A). Let us denote the subcollection of configurations φ starting and ending at |α by C α . Then, properties of ground-state |Ψ , as determined by c α = α|Ψ , are completely encoded in the integrals α|Ψ Ψ|α = lim
This means that ground-state properties, such as entanglement and quantum correlations, can be equivalently inferred from {ω φ } rather than {c α }. We propose to depict entanglement properties of |Ψ in terms of
where P φ are certain quantities related to topological properties of φ which we will specify below. As we shall see, P, or certain quantities derived from P, can also be interpreted as non-local probes for quantum phase transitions.
III. TOPOLOGICAL STRUCTURE OF WORLDLINE CONFIGURATIONS AND GROUND-STATE
As numerical results support (see Section V A), the topological structure of configurations can be used to differentiate ground-states with different non-local entanglement properties. Here, by non-locality we mean robustness against local operations on the system [5, 6] . In this Section, we introduce the topological structure of worldline configurations and show how it can be related to the ground-state |Ψ .
Let us consider a worldline configuration φ as specified by the sequence of imaginary time instants and corresponding Fock states. As a reminder, the sequence of Fock states starts and ends with the same state |α by definition of Z β . Furthermore, expectation values entering ω φ are nonzero, i.e. α m |H 1 |α m+1 = 0, implying that |α m and |α m+1 differ only on one pair of sites (i, j), i.e. |α m+1 = a † i a j |α m . This, along with the hard-core nature of the particles, implies that there is no intersection between any two worldlines. We can therefore conclude that a configuration φ can be uniquely identified as a geometric braid [29] and as such it represents an element of the braid group B N (S) [30] , where N is the particle number and S is the surface in which the lattice is embedded. Two worldline configurations represent different braids or have different topological structures if it is impossible to continuously deform worldlines of one configuration into those of the other without cutting worldlines. On the other hand, configurations with the same topological structure represent the same braid. Therefore, the topological structure of φ is specified by how particles move around each other via sequential hopping a † i a j . A more rigorous definition of topological structure is given in Appendix B, where we define topological structure based on homotopy rather than isotopy. In Fig. 1 , we show examples of worldine configurations and associated braid diagrams (i.e. the geometric representations of the braid group elements). Notice that different configurations can feature the same topological structure (panels (b) and (d)). We now discuss how the topological structure of φ enters the ground-state expansion. We refer to [31] where authors estimate the level of chaos and correlations in a classical system by considering the topological structure of braids formed by particle trajectories. Here, we use geometric braids represented by configurations φ to study quantum correlations. Let C T ⊂ C be the subset of configurations featuring the same topological structure T (i.e. belonging to the same homotopy class). Eq. 3 allows one to restrict the integration domain to C T and obtain the state |Ψ T = α c T α |α where expansion coefficients are given by:
Here, N T is the normalizer introduced to properly define |Ψ T . From Eq. 5, it follows that each class of topological structure can be mapped onto a single quantum state. We define C φi as the subset of the configurations φ ∈ C T with a fixed sequence φ i = {|α , |α 1 , . . . , |α n−1 , |α } or any cyclic permutation of the sequence that preserves the time-ordering. It follows that C T can be seen as the union of C φi , i.e. C T = ∪C φi , and that (
. We can therefore split the integral in (5) as a sum of integrals on C φi ∩ C α :
where By following the same line of thought used for (6), we show how the topological structure of φ enters the ground-state expansion. Since each configuration φ has a unique topological structure T, it follows that C = ∪C T and C α = (∪C T ) ∩ C α . Therefore, one can write coefficients |c α | 2 = T N T |c T α | 2 and the ground-state as
where the sum over T runs over all the topological structures, while the sum over i runs over all possible sequences sharing the same topological structure. This expression shows the nontrivial relationship between the weight of sequences φ i , their topological structure, and the entanglement in the ground-state (fully encoded in the c α ).
IV. FROM MONTE CARLO CONFIGURATIONS TO TOPOLOGICAL INVARIANTS
In this Section, we introduce a simple topological invariant that we use to characterize the topological structure of configurations. We consider loops formed by gluing together worldlines at imaginary time τ = β and τ = 0. Due to periodic boundary conditions in time imposed by the trace (2), each MC configuration can be folded on itself along the time direction so that one or more worldlines always form closed loops (see panel (b) of Fig. 2 ). By following worldlines in time, a loop is completed once the starting point is reached again. We summarize these concepts in Fig. 2 . The folding of the MC configuration sketched in panel (a) is shown in panel (b), resulting in the formation of loops. In panel (c), we highlight the braid-loop correspondence. Colors are only meant to help identify loops and corresponding braid/worldlines in the configuration. The length of a loop is always an integer multiple of β equal to the number of worldlines participating in the loop. For example, a 1β-long loop (orange), corresponds to a worldline glued to itself, while, 2β-long loops (blue), 3β-long loops (green) or longer, correspond to the situation where two, three, or more worldlines are glued to each other (see panel (c) of Fig. 2) . Note that the length of a loop in β also corresponds to the minimal number of braiding events occurring between worldlines participating in a loop. Further characterization of the topological structure of configurations requires a systematic study and will be the object of future work.
Practically, to characterize the topological structure of a configuration φ we introduce the topological invariant p φ = (n 1 , n 2 , ..., n N ), where n l is the number of loops of length λ = lβ appearing in the configuration, and N is the total number of particles. For example, configurations φ 1 and φ 3 of Fig. 1 are characterized by p φ1 = p φ3 = (0, 0, 1) and p φ2 = p φ4 = (1, 1, 0) . By exploiting Eq. 4 with P φ = p φ and collecting statistics on loop lengths, one can compute the probability p λ of finding a loop of length λ in a configuration:
We find that the probability distribution p λ can differentiate not only insulating from superfluid phases, but also topologically ordered insulators from insulating CB or stripe solids. A big advantage of this novel approach is that weights ω φ /Z β are (indirectly) available from pathintegral Monte Carlo simulations and p φ are easy to compute. Moreover, from the distribution p λ , we can define nonlocal probes which we will show are able to signal the insulating to superfluid phase transition. These probes are: (i) the standard deviation of the distribution p λ :
where λ = λ p λ λ represents the average value of length λ; (ii) the characteristic length ξ λ of the exponential fit of the tail of the distribution p λ :
The non-locality of σ λ and ξ λ is a consequence of their definition in terms of non-local properties of the systems, namely, the topological structure of worldlines configurations seen as geometric braids.
V. NUMERICAL RESULTS

A. Characterizing ground-states using topological invariants
In this Section we present a first validation of our proposal by numerically showing that p λ is capable of differentiating ground-states with different non-local entanglement properties. We perform quantum Monte Carlo simulations of the extended Bose Hubbard model:
where H 0 is the diagonal part of the hamiltonian in the Fock basis, and ij refers to sum over nearest neighboring sites. We consider three different H 0 : (1) H 0 = V ij n i n j in a square lattice which, at filling factor 1/2, can stabilize a CB and a SF phase [32] ; (2)
in a square lattice which, among others, stabilizes a STR phase at filling factor 1/3 [33] (here, r ij is the distance between site i and j and we set a cut-off to r ij > 4 lattice spacings); (3) H 0 = V n i n j , where the sum over refers to the sum between sites on the same hexagon of the Kagome lattice, which, at filling factor 1/2 and 1/3 can stabilize a SF and a Z 2 topologically ordered phase [10, 34] . For all models we consider periodic boundary conditions in space. We perform Monte Carlo simulations deep in the insulating and superfluid phases and measure topological invariant p φ for a number of configurations of the order of 10 4 to 10 5 . From these measurements and according to weights {ω φ }, we extract distribution p λ . As previously mentioned, characterizing ground-state entanglement in terms of coefficients {c α } or weights {ω φ } is equivalent, and, according to our intuition, probability distribution p λ , the expectation value of topological invariant p φ , should be able to differentiate among certain ground-states with different entanglement properties. Indeed, that is what we observe! In Fig. 3 , we show the main result of our study, namely, the distribution p λ deep in the five quantum phases: SF phase (blue), CB solid (orange), STR solid (purple), and Z 2 topologically ordered insulator at filling 1/2 (green) and 1/3 (violet). Deep in the SF phase, loops of all lengths (limited by the total number of particles-the longest loop is N β-long) have a finite probability of appearing. This is not surprising: we expect the SF groundstate to be the sum of all Fock states which obey the hardcore and fixed-N constraints (this guarantees a uniform density on average). We expect this property to result in worldline configurations with all kinds of topological structure participating in the expansion of the partition function. Notice that this holds for both SF phases, on square and kagome lattices (see left-most panels of for comparison between the two). On the other hand, all insulating phases exhibit negligible probability for longer loops to appear in configurations. Qualitatively, we are unable to distinguish between the CB and STR solids. Both distributions clearly decay exponentially (in the loop length) to zero and have no features. In the limit of V /t → ∞, we expect non-local entanglement properties of these phases to be trivial, with corresponding p λ a delta function distribution, i.e. only loops 1β-long are present in configurations. Moreover, though CB and STR solids are two distinct phases in the sense that, in the thermodynamic limit, they break two distinct translational symmetries, we expect their ground-states to have the same non-local entanglement properties. Indeed, in both phases, it is possible to perform a local measurement of occupation number(s) and acquire information on the entire system (see Appendix C for a discussion on information content of CB and STR phases). This rules out any non-trivial non-local entanglement property in CB and STR phases. Finally, distribution p λ of the Z 2 topologically ordered insulators possesses non-trivial features -a secondary peak at λ/β = 5 for filling 1/2, and at λ/β = 4 for filling 1/3 -in agreement with the fact that these insulating phases possess nontrivial non-local properties of ground-state entanglement [10, [35] [36] [37] . The presence of nontrivial features in p λ implies that configurations with non-trivial topological structure contribute in a nonnegligible way. Interestingly, we can differentiate between the Z 2 phases at filling 1/3 and 1/2 as they manifest secondary peaks of p λ at different positions (λ/β = 4 and λ/β = 5). These two filling factors have been numerically shown to correspond to the same topologically ordered phase [10, 34, 38, 39] and their ground-states are believed to be connected via local unitary transformations [5, 6] hence possessing the same long-range entanglement. Our numerical results, though, seem to suggest that some non-local properties of entanglement differ between the two filling factors and are not captured by the long-range entanglement picture.
It is worth noting that the calculation of p λ is much less computationally expensive than the calculation of topological entanglement entropy, which relies on the replica technique [10, 11, 21, 22] .
B. Studying superfluid to insulator phase transitions
Here, we show that non-local quantities like standard deviation σ λ and characteristic length ξ λ , as defined in Section IV, are able to capture the insulating to SF phase transition.
Superfluid to checkerboard phase transition We perform simulations of the extended Bose-Hubbard model in the square lattice with H 0 = V ij n i n j for a range of V /t, at fixed filling factor 1/2, β/t = 18 (36) , and system sizes L = 10 (20). In Fig. 4 (upper row) , we plot distribution p λ for various values of V /t. The SF-CB transition occurs at (V /t) c = 2 [32] . We observe that, upon entering the CB phase, the tail of the distribution decays exponentially to zero, while in the SF phase, the exponential decays to a finite value. By fitting the exponential tail (orange lines) we extract the characteristic length. In Fig. 5 we plot normalized ξ λ (main plot) and σ λ (inset) as a function of V /t. Both non-local quantities extracted from topological properties of configurations are finite in the SF phase and decay to zero in the CB phase. The transition point is clearly marked by a significant drop in both quantities.
Superfluid to Z 2 topologically ordered insulator phase transition We perform simulations of the extended BoseHubbard model with H 0 = V n i n j , where the sum over refers to the sum between sites on the same hexagon of the Kagome lattice. We study the model for a range of V /t, at fixed filling factor 1/2, β/t = 18 (36) , and system sizes L = 6 (12) unit cells. In Fig. 4 (lower row), we plot distribution p λ for various values of V /t. The SF to Z 2 topologically ordered insulator transition occurs at (V /t) c = 7.0665 [10] . We observe that, upon entering the Z 2 topologically ordered insulator phase the tail of the distribution decays exponentially to zero, and, for larger interaction, nontrivial features in the form of a secondary peak at λ = 5 appear in the distribution. In the SF phase, on the other hand, the exponential decays to a finite value. Orange lines are fits to exponential tails from which we extract the characteristic length ξ λ . Likewise in the CB-SF transition, one can infer the transition point by plotting ξ λ (main plot of Fig. 6 ) or σ λ (inset of Fig. 6 ) as a function of V /t. These plots are very similar to the ones in Fig. 5 and the transition point is clearly marked by a significant drop in both quantities.
VI. CONCLUSIONS
We propose a novel framework to study multipartite entanglement in terms of topological structure of worldline configurations. We have shown that topological structure of configurations can be used to differentiate among ground-states with different non-local entanglement properties by numerically computing the probability distribution of a simple topological invariant. We found that certain topological structures contribute significantly to the Z 2 topologically ordered phases while they are negligible in more conventional insulating phases. We believe that this work paves the way to a new approach for characterizing entanglement and that the topological structure of configurations will provide an effective tool to 'decode' entanglement. Future work will address details of topological structure by introducing more complex topological invariants. We also plan to extend our framework to mixed states thus considering the effect of temperature fluctuations on entanglement properties.
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Appendix B: Definition of topological structure
We characterize the topological structure of geometric braids by homotopy on them rather than isotopy (on which the standard definition of the braid group is based). While in both cases topologically equivalent geometric braids can be continuously deformed into each other, isotopy further requires the "ends" (i.e state |α in configurations) of topologically equivalent geometric braids to be fixed. Here, we do not need this additional constraint because, due to periodic boundary conditions in imaginary time, |α has no special meaning in the sequence of states specifying a certain configuration. In other words, any configuration corresponding to a cyclic permutation of a given sequence of states has exactly the same weight.
Appendix C: Local measurements and information in CB and STR phases
Here, we discuss how local measurements of occupation number(s) (i.e. binary measurements of n i = 0, 1) in CB and STR phases can extract information on the entire system, thus ruling out any non-trivial non-local entanglement property in these phases. In the limit V /t → ∞ the true ground-states [5] of CB and STR phases are given by:
|Ψ ST R = + + + + + √ 6 (C2) The CB ground-state is described by the standard GHZ state in (C1), and it is straightforward to show that measuring the occupation number of a single lattice site is sufficient to determine the state in which the system collapses. Indeed, the information content of |Ψ CB is 1 bit so that the measurement of a single site is enough. On the other hand, in the STR case, the choice of local measurements is not as obvious. Being |Ψ ST R the superposition of six states, one expects that a measurement of 3 sites is sufficient to distinguish between the six cases. Indeed, the information content of |Ψ ST R is I = − i p i log 2 (p i ) = log 2 6 2.58 bits. In order to differentiate the six cases, one can engineer a simple algorithm involving a minimal number of lattice sites. This algorithm is not unique. We give an example in Fig. 7 , where we schematically depict the flowchart of the algorithm. In two cases (C and D) two measurements (2 bits) are sufficient to determine the state the system is collapsed, while in the remaining four cases (A, B, E, and F) three measurements (3 bits) are required. This results in an average information of 2 × 2.67 bits processed by the algorithm which therefore efficiently measure the information content of |Ψ ST R .
This discussion shows that, in both cases, performing local measurements is sufficient to extract information on the whole system and we therefore conclude that nontrivial non-local entanglement properties in the CB and STR phases are absent. 
